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Abstract. We define a transcendence degree for division algebras, by modifying the lower transcendence 
degree construction of Zhang. We show that this invariant has many of the desirable properties one would 
expect a noncommutative analogue of the ordinary transcendence degree for fields to have. Using this invariant, 
we prove the following conjecture of Small. Let A: be a field, let A be a finitely generated fc-algebra that is an 
Ore domain, and let D denote the quotient division algebra of A. If A does not satisfy a polynomial identity 
then GKdim(A') < GKdim(j4) — 1 for every commutative subalgebra K of D. 



1. Introduction 

Transcendence degree for fields is an important invariant, which has proven incredibly useful in algebraic 
geometry. In the noncommutative setting, many different transcendence degrees have been proposed [51 [3J 
[HI [H [131 [m [m [IS], many of which possess some of the desirable properties that one would hope for a 
noncommutative analogue of transcendence degree to possess. Sadly, none of these has proved as versatile as 
the ordinary transcendence degree has in the commutative setting, as there has always been the fundamental 
problem: they are either difficult to compute in practice or are not powerful enough to say anything about 
division subalgebras. 

The first such invariant was defined by Gelfand and Kirillov [5], who used their Gclfand-Kirillov transcen- 
dence degree to prove that if the quotient division algebras of the nth and mth Weyl algebras were isomorphic, 
then n ^ m. Gclfand-Kirillov transcendence degree is obtained from Gelfand-Kirillov dimension in a natrual 
way. 

Given a finitely generated algebra A over a field fc, the Gelfand-Kirillov dimension (GK dimension, for 
short) of A is defined to be 

GKdim(A) = hmsup— 5 , 

ri^oo log n 

where ^ is a finite-dimensional fc-vector subspace of A which contains 1 and generates A as a fc-algcbra. We 
note that this definition is independent of the choice of vector space V with the above properties. 
The Gelfand-Kirillov transcendence degree for a division algebra D with centre k is defined to be 



fA^ ■ fv \ogdimk{k + bVy 

1 aeg(Aj — sup mt lim sup ■ 



V b n^oo log n 

where V ranges over all finite-dimensional fc-vector subspaccs of D and b ranges over all nonzero elements of 
D. 

Zhang |14| introduced a combinatorial invariant, which he called the lower transcendence degree of a division 
algebra D, which he denoted by Ld(£'). We define this degree in Section[21 Zhang showed that this degree had 
many of the basic properties that one would expect a transcendence degree to have. In particular, he showed 
that if fc is a field, A is a fc-algebra that is a domain of finite GK dimension, and D is the quotient division 
algebra of A, then 

GKdim(A) > LdiD). 

He also showed that Ld{K) ~ trdcgk(iir) in the case that K is a, field and that if is a division subalgebra of 
D then Ld{E) < Ld{D). We modify Zhang's construction to define a new transcendence degree, which we call 
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the strong lower transcendence degree and which we denote by Ld* . We define tliis invariant in Section [51 We 
use the adjective strong, simply because we have the inequahty 

Ld*{D) > Ld{D). 

We are able to show that the strong lower transcendence degree has the following properties. 

(1) If D is a division algebra and E is a. division subalgebra of D then Ld(ii^) < Ld*{D). 

(2) If D is a division subalgebra and i? is a division subalgebra of D such that D is finite-dimensional as 
either a left or right vector space, then Ld*{D) < Ld*{E). 

(3) If Z? is a finitely generated division algebra and i? is a division subalgebra of D such that D is infinite- 
dimensional as a left i?-vcctor space, then Ld*(D) > Ld(£') + 1. 

(4) If Ld*(£') < 1 then Ld*(£') ~ 0; moreover, Ld*(£') = if and only if every finitely generated subalgebra 
of D is finitc-dimcnsional. 

(5) If fc is a field and ^ is a finitely generated fc-algebra that is an Ore domain and D is its quotient division 
algebra, then 

Ld*{D) < GKdim(^). 

(6) If fc is a field and is a field extension of k of transcendence degree d then Ld*{K) = d. 
Using these results, we prove the following conjecture of Small [HI Conjecture 8.1]. 

Theorem 1.1. Let k be a field and let A be a finitely generated k-algebra that is an Ore domain. If A does 
not satisfy a polynomial identity and K is a commutative subalgebra of the quotient division algebra of A then 
GKdim(J!:) < GKdim(A) - 1. 

Zhang [m Corollary 0.8] showed that Theorem 11.11 holds if the conclusion is replaced by GKdim(ii') < 
GKdim(A), and, moreover, the hypothesis that A not satisfy a polynomial identity is unnecessary with this 
bound. 

The outline of this paper is as follows. In Scction[2]we recall Zhang's definition of lower transcendence degree 
and define the strong lower transcendence degree. In Section |3l wc prove that the strong lower transcendence 
degree has properties (1), (2), (4), (5), and (6). In Section SI we show that property (3) holds and we prove 
Theorem 11.11 

2. Definitions 

In this section, wc recall the definition of lower transcendence degree, defined by Zhang [T3] and recall some 
basic facts about this invariant. We then proceed to modify his construction to provide a two-sided version of 
this invariant, which we call the strong lower transcendence degree and which wc denote by Ld* 

Given a field k and a fc-algebra A, we say that a fc-vector subspace y of A is a subframe of ^ if V is finite- 
dimensional and contains 1; we say that is a frame if ^ is a subframe and V generates A as a fc-algebra. 

The definition of lower transcendence degree is fairly technical and we refer the reader to Zhang [14j for 
more insight into this definition. Let fc be a field and let A be a fc-algebra that is a domain. If F is a subframe 
of A, we define VDI(t^) to be the supremum over all nonnegative numbers d such that there exists a positive 
constant C such that 

dimkiVW) > diuikiW) + Cdim{W^'^-^'^/'^) 

for every subframe W of D. (If no nonnegative d exists, we take VDI(1/^) to be zero.) VDI stands for "volume 
difference inequality" and it gives a measure of the growth of an algebra. We then define the lower transcendence 
degree of A by 

Ld(A) = supVDI(F), 

V 

where V ranges over all subframes of A. 

The definition, while technical, gives a powerful invariant that Zhang |14| has used to answer many difficult 
problems about division algebras. Zhang showed that if A is an Ore domain of finite GK dimension and D is 
the quotient division algebra of A then Ld(A) < GKdim(A). Moreover, equality holds for many classes of rings. 
In particular, if A is a commutative domain over a field fc, then equality holds and so Lower transcendence 
degree agrees with ordinary transcendence degree. 

One of the weaknesses of lower transcendence degree is that it is unknown whether it satisfies the equality 
Ld{D) = Ld(Z?°P). To correct this, we use a two-sided approach. 
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We define YD1*(V) to be the supremum over all nonnegative numbers d such that there exists a positive 
constant C such that 

max {dimkiVW),diink(WV)) > dimfc(iy) + Cdim(iy('^-i)/'*) 

for every subframe W of A. (As before, if no nonnegative d exists, we take VDl*{V) to be zero.) We then 
define the strong lower transcendence degree of a domain A by 

Ld*(^) ^ supVDr(l/), 

V 

where V ranges over all subframes of A. We note that we trivially have the estimate 

(2.1) Ld*(L') > max(Ld(L>),Ld(i:'°P)) 
and by construction 

Ld*(L') =Ld*(7:>°P). 
3. Basic properties 

In this section, we prove the basic properties of strong lower transcendence degree. For the most part, we 
follow the work of Zhang [M]. We note that the first property listed in the introduction, namely that Ld{E) < 
Ld*{D) whenever £■ is a division subalgebra of D follows immediately from the fact that Ld*{D) > Ld{D) and 
Theorem 2.4 of Zhang [H]. 

We first show that if fc is a field, A is an Ore domain that is a fc-algcbra, and D is the quotient division 
algebra of A, then we have 

(3.2) Ld(L») < Ld*{D) < GKdim(A). 
This is property (5) on the list of properties given in the introduction. 
Proposition 3.1. Let k be a field and let A be a k-algebra that is a domain. Then 

Ld*{A) < GKdim(A). 

Proof. If Ld*{D) = or GKdim(A) = cxd there is nothing to prove. Thus we assume that Ld*{D) > and 
GKdim(A) < oo. Let d be a positive number less than Ld*{A). 

Then by assumption, there exists a subframe V oi A and a positive constant C such that 

ma^{dimkiVW),dimk{WV)) > dimk{W) + C {diuikiW))^'^'^^^'^ 

for every subframe W oi A. Letting W = gives 

dimfc(F"+i) > dimfc(l/") +C(dimfc(l/"))^'^"'~''/^''"'^ . 

Telescoping gives, 

dimfc(T/2«) > diuikiV^") - dimiV) 

2n-l 

> cJ2 {dhMv')f~'~'^^^'~''' 

> Cn(dimfe(V^"))(^-^-^'/(''~^^ 

Let e = GKdim(yl) and let e > 0. Then there are infinitely many n such that dim(V^") > n'^~^, but we must 
have dim(V^") < n'^^'^ for all sufficiently large n. In particular, there are infinitely many n such that 

{2ny+' > dimfc(l/2") > Cn ■ (d-D/d _ 

Since this holds for infinitely many n, it follows that 

e + e > 1 + (e - e){d-l)/d 

for every e > 0. Letting e tend to zero gives 

e>l + e{d-l)/d 

or equivalently, e > d. The result follows. □ 



This shows that lower transcendence degree does not blow up under localization. Makar-Limanov [7] has 
shown that the quotient division algebra of the Weyl algebra over a field of characteristic contains a copy 
of the free algebra on two generators, and hence GK dimension generally blows up under localization, except 
when we are dealing with algebras that are in some sense very close to being commutative. 

As an immediate corollary, we obtain property (6). 

Corollary 3.2. Let k be a field and let K be an extension of k. Then Ld*(A') — GKdim(i4r). 
Proof. By a result of Zhang [Mj Corollary 2.8 (1)], we have 

GKdim(i^) = Ld(A') < l.A*{K) < GKdim(A:). 
The result follows. □ 

We now show that the strong lower transcendence degree behaves as one would hope with respect to large 
division subalgebras. The following proposition is a proof that property (2) holds. 

Proposition 3.3. Let D be a division algebra over a field k and let E be a division subalgebra. If D is 
finite- dimensional as both a left and right E-vector space then Ld*(_D) < Ld*(_B). 

Proof. We modify the proof of Proposition 3.1 given by Zhang [14|. We may assume that Ld*(£') < oo, since 
otherwise there is nothing to prove in this case. Thus we may assume that there is a nonncgativc real number 
d such that d = Ld*(£'). Let e > 0. Write D = xiExi © • • ■ © XpE = Eyi © • • • © Eyq and pick a subframc V 
of D. Then there exists a subframe Vi of E such that 

Vxi H + Vxp C xiVi H h XpVi 

and 

yiV + --- + ygVCViyi + --- + Viy^. 

Since Ld*(£') ~ d, there exists a subframe W oi E such that max (dim(WVi/W), dim(Vi W^/VF)) < 
(dim(W^))^'^"^+'^/'''+'^ Let Wo ^Y.^.J^^WyJ. Then 

\ i,j 

C ^x,ViWyj 

hi 

= ^XiWy-i + XiTyj 
id 

= Wo + Y,x,Ty,, 

where T is a finite-dimensional vector subspace which satisfies ViW = W ®T . Then by assumption dim(r) < 
(dim(Wo))^''"'+'^/'''+'^ Hence 

dim(T/Wo/Wo) < pq (dim(Wo))^''"'+'^/^'^+'^ 

and similarly, 

dim(W^o^/Wo) < M(dim(l^o))^''"'^'^^^'^+'^ • 
It follows that l.A*{D) <d. □ 

We next show that property (4) holds. 

Proposition 3.4. Let k be a field and let D be a division algebra over k. Ifhd*{D) < 1 then hd*{D) = 0; 
moreover, Ld*{D) ~ if and only if every finitely generated subalgebra of D is finite- dimensional as a k-vector 
space. 

4 



Proof. Note that if Ld(£'*) — then Ld{D) < Ld*{D) = and so every finitely generated subalgebra of 
D is finite-dimensional over k by Proposition 1.1 (4) of Zhang [T3]. Furthermore, if every finitely generated 
subalgebra of D is finite-dimensional, then we necessarily have that Ld(D*) = 0. To see this, let V he a. 
subframe of D and let Dq be the finite-dimensional division subalgebra generated by V. Then if W is a 
subframe that is a left and right Z^o-vector space, then VW = WV = W and so Ld*{D) = 0. 

On the other hand, if D has a finitely generated division subalgebra that is not finite-dimensional over k, 
then Ld*(L») > Ld{D) > 1 [H Prop 1.1 (2) & (4)]. 

□ 

4. Estimates 

In this section, we prove the basic estimates that we will use to obtain a proof that property (3), given in the 
introduction, holds. Wc will then use this to prove Thcorem ll.il We introduce the notion of a decomposition 
of a vector space, which will be key in all of our estimates. 

Definition 1. Let fc be a field, let D he a. division algebra over k, and let be a finite-dimensional fc-vector 
subspace of D. Given a division subalgebra E oi D and a finite-dimensional fc-vector subspace V of D, we 
say that W admits a left (E, V)- decomposition if there exist subspaces Ui, . . . ,Ur of VF, xi, . . . , cc^ £ V ^ and 
natural numbers oi, . . . , with i < a; < r + 1 such that: 

(1) W = Ui®U2®---®Ur\ 

(2) U,x^ C EUi + EU2 + ■■■ + EUa,, where Ur+i = D; 

(3) UiXi n {EUi +EU2 + --- + EUa,-i) = (0); 

(4) UjXi CEUi + EU2 + --- + EUa,~i for j < i. 

In this case, we will write Ui (B ■ • ■ (B Ur is a left (£', F)-decomposition of W. The notion of a right {E, V)- 
decomposition is defined analogously. 

Wc show that under general conditions such decompositions exist. 

Lemma 4.1. Let k be a field, let D be a division algebra over k, and let E be a division subalgebra of D. If 
W and V are non-trivial subframes of D such that WV % EW , then W admits a left {E, V) -decomposition. 

Proof. We prove this by induction on the dimension of W. 

If the dimension of is 1, then there exists some xi € V such that WxiDEW = (0); otherwise, WV C EW, 
a contradiction. We then take Ui = W and ai = 2 and obtain the result in this case. 

We next assume that the conclusion of the statement of the proposition holds for all fc-vector subspaces of 
D whose dimension is strictly less than the dimension of W . 

Since WV % EW, there exists x eV such that Wx % EW. Let 

Wi = {weW : wx€ EW}. 

Pick a subspace Wq of W such that 

Wo®Wi^ W. 

By the inductive hypothesis, Wi has a left {E, y)-decomposition 

Wi=Ui®---®Ur. 

Furthermore, there exist xi,. . . ,Xr G V and natural numbers ai, . . . ,0^ such that the conditions (l)-(4) of 
Definition [1] are satisfied. 
Let 

(4.3) S = {i:l<i<r, a,=r + l} and T = {1, 2, . . . , r + 1} \ 5. 

For i G 5, it is possible that UiXi n (EUi H h EUr + EWo) ^ (0). Thus we let 

Ui,o = {ueU^ : uxi e EUi H h EUr + EWq 

and choose Ui^i such that 

For i G 5, we let Xi^o = Xi^i = Xi and = r + 1, a^^i ~ r -f- 2; and wc let C/^+i = Wq, Xr+i = x, and 
flr+i = r + 2. 
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We construct a left {E, V^)-deconiposition of W using the subspaces Uj with j <E T and Uifi, Ui^i with i £ S. 
We create a total ordering on the indices by declaring 

(4.4) (i-1,1) < ii,0) < i < (i,!) < (« + l,0) 

for every natural number i. 

Notice that for i G 5, we have EUi = EUi^ + EUi,i. Then for j GT with j < r + 1 we have: 

(4.5) Ujx, &EUi + --- + EUa^ = J2 ^^«+ {EU,,o + EU^.i)- 

(4.6) UjXjCil ^^'+ {EU,,o + EU,,i)\ =(0). 

\ieT,i<aj ieS,i<aj J 

For j € S we have: 

(4.7) Uj.ox,,o &Y^^^ + J2 (^^^'0 + ^^'^i) + ^^'■+1' 



(4.8) C/j,oa^j 



(4.9) 



on lY,EU^ + Y,iEU^,o + EU^,l)] = (0); 

Uj,ixj.i n ( ^ SC/, + X! (^t^^o + EU,,i) + EUr+1 ] = (0). 
\ieT les / 



Finally, we take Then by construction, Ur+iXr+i = Wqx which has trivial intersection with 

EUi + • • • + EUr- Thus these subspaces give a left {E, y)-decomposition of W. □ 

A similar result holds for right decompositions. 

Lemma 4.2. Let k be a field, let D be a division algebra over k, and let W and V be non-trivial subframes 
of D. Suppose that E is a division subalgebra and Ui ® ■ ■ ■ (B Ur is a left {E, V)- decomposition of W . Then 
EUi H h EUr is direct. 

Proof. Suppose not. Then for 1 < i < r we can find Wi G EUi with wi, . . . ,Wr not all zero such that 

Wi + ■ ■ ■ + Wr = 0. 

Then there exist xi,. . .,Xr G V, and natural numbers ai,. . . ,ar with i < Oi < r + I satisfying conditions 
(l)-(4) of Definition m 

Let TO be such that Wm is nonzero and Wi ~ for every i > m. Note that WiXm ^ EUi + • ■ • + EUa^-i for 
i < m, and so 

WmXm = (?i'l H h Wm-l)Xm ^ EUi H h EUa^-1- 

But by hypothesis, WmXm H {EUi + • • • + EUa^-i) = (0), and so w„iXm ~ 0. Since D is a domain, w,„ = 0, a 
contradiction. Thus we obtain the desired result. □ 

We now give two estimates which we will use to estimate the strong lower transcendence degree of division 
subalgebras. This first lemma is rather technical and is where we really use all requirements listed in the 
definition of left [E, y)-decompositions. 

Lemma 4.3. Let k be a field, let D be a division algebra over k and let E be a division subalgebra of D. Suppose 
that W and V are non-trivial subframes of D and that W admits a left {E, V)- decomposition Ui (B ■ ■ ■ O Ur- 
Then 

dimfe(W^ + W) > dimfc(W^)+ max dimfe(C/i). 

l<z<r 
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Proof. By assumption, there exist xi, . . . ,Xr inV and natural numbers oi, . . . , satisfying conditions (l)-(4) 
of Definition [T] Pick iq such that 

diiTik{Uto) > dimfe([/,) 

for 1 < j <r. Let ii = a^,-,. If ii > r, then we let Yq = (7^^; otherwise, by assumption there is a fc- vector space 
embedding of UigXi„ in 

{EUi + ■■■ + EU,,)/ {EUi + ■■■ + EU,,.i) . 
By Lemma H21 t^n also embeds into 

{EUi + --- + EU,,)/ {EUi + ■■■ + EU,,.i) , 
and so it follows that there exists a subspacc Yq of Ui^Xig such that the image of Yq in 

(EUi + --- + EU,,)/ (EUi + ■■■ + EU,,^i) 
intersects the image of Ui-^ trivially and their sum is the image of UigXi^^ + Ui-^. Then 

(4.10) dim(ro) > dim((7,J - dim([/, J 

if *i < otherwise, dim(yo) ~ dmi{Uig). 

If ii > r, then we stop; otherwise, we can repeat the procedure, taking ?2 = , and we can construct a 
subspace Yi of Ui-^Xi-^. If i2 > then Yi = Ui-^Xi-^; otherwise, we take Yi such that its image in 

(EUi + ■■■ + EU,,) I {EUi + ■■■ + EU,,.i) 

has trivial intersection with the image of Ui^ and its sum with the image of Ui^ is the image of Ui-^Xi-^ + Ui^. 
Then 

(4.11) dim(ri) > dim(J7, J - dim([/,J 

if *2 < otherwise, dim(Yi) = dmi{Ui-^). 

If we continue in this manner, we eventually reach an index £ such that i^+i = r + 1. Notice 

WV + W DYQ + --- + Ye + W. 

Moreover, we claim that the sum on the right is direct. If not, there exists a dependence 

yo + 2/1 H ^ye + ui^ h = 0, 

with yi G Yi, Uj G Uj not all zero. Let j be the largest index with yj ^ 0. Then yj £ EUi + • • • + EUi -^^ . By 
Lemma [4.21 EUi + • ■ • + EUr is direct, and so u„ = for n > ij+i- Then yj + Ui.j_^ G EUi + • • • + EUi-j_^^i, 
where we take u^+i = 0. Thus the image of yj + Ui.^^-^ in 

{EUi + • ■ • + EU,^^,) I {EUi + ■■■ + EU,^^,-i) 

is trivial, and so yj = by construction of the space Yj. This contradicts the fact that the yi cannot all be 
zero. Thus we see that the sum 

Yo + --- + Ye + W 

is direct. 
Hence 

e 

dim{WV + V) > dim(VF) +^dim(r,). 

i=l 

At this point, we use telescoping sums: 

J2 dim(r,) = J2 (dim(t/,^ ) - dim(L/,^+, )) + dim(;7,, ) 

= dim(Ui„) 

= max dimfc (Ui) . 

l<i<r 

The result now follows. □ 
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Lemma 4.4. Let k be a field, let D be a division algebra over k, let E be a division subalgebra of D of lower 
transcendence degree d, and let V be a subframe of D. For every e > there exists a subframe V' D V and a 
positive constant C > such that whenever UiQ)- ■ -(BUr is a left {E, V')- decomposition of a finite- dimensional 
k-vector subspace W of D, we have 



dimkiV'W) > dimk{W)+Y,C{dimk{U,))^ 



Proof. Let e > 0. By definition of lower transcendence degree, tliere is some subframe Vq of E and a positive 
constant C such tliat 

dimfc (VoU) > dimfe (U) + C {dimkiU))^"-'-'^/^''-'^ 

for every subframe U of E. 

We let V' = V + Vo and let be a subframe of D. Suppose that Ui® - ■ -(BUr is a left {E, l/')-decomposition 
of W and let 

bi := diuikiUi). 

Then 

diiRkiV'U,) > diuikiVoU,) > diiRkm + Cb^~^-'^^^''~'^ 

for all i. 

By Lemma |4.2| the sum 

EUi + ■■■ + EUr 

is direct and since Vq E,we see 

dhakiV'W) - dimk{W) > dimfc(VbTy) - dimfe(M^) 

r 

= ^dimfe(yoC^./C/,) 

i=l 
i=l 



We now give a simple estimate which will allow us to combine the preceding two estimates. 
Lemma 4.5. Let 6i, . . . , bm, d be positive real numbers and let N . If 

bi + --- + br=N, 

then either: 

(1) h> N'^/id+i) for some i; or 

(2) b['^-^^^^ + ■■■ + bi'^-^^^'^ > N'^/(d+i)_ 

Proof. Without loss of generality, we may assume that 

bi > b2 > ■ ■ ■ > bm- 

Suppose that 



d'^ 



By the mean value theorem 



□ 



Thus 



m — 1 

{d~i)/d , ■f^{d~i)/d 

i=l i=l 

d-l d 



> + ^ib, 6.+i) "/^_^ jV'^/<'^+^) 

1=1 

= mbit'^/' + 7V''/('^+i) _ m6™7V-i/('^+i) 

> ]\fd/{d+l)_ 

The resuh foUows. □ 
We now prove property (3) in the hst of properties given in the introduction. 

Theorem 4.6. Let k be a field and let D be a finitely generated division algebra over k. If E is a division 
subalgebra of D with the property that D is infinite- dimensional as a left E-vector space, then 

Ld*{D) > Ld{E) + 1. 

Proof. If Ld(£') = cxD, there is nothing to prove, as Ld*{D) > Ld{D) > Ld(£^) = oo. Thus we may assume that 
there is a positive real number d such that Ld(i5) = d. Since D is finitely generated and is infinite dimensional 
as a left £^-vector space, we may pick a subframe V oi D such that EV"^^ properly contains EV^ for every 
natural number n. 

Let be a subframe of D. We note that WV % EW; otherwise, we would have C WV^^ C EW for 
every natural number n and so EV^^ C EW for every natural number n, and so there must exist some n such 
that EV^ = EV^^^, a contradiction. Thus W admits a left (iJ, \^)-decomposition by Lemma [4.11 Similarly, 
W must admit a left {E, y )-decomposition for every subframe V' containing V. 

Let e > 0. Then by Lemma [4.41 there exists a frame V' D V and a positive constant C > such that if 
C/i © • • • © is a left {E, F')-decomposition of W then 

r 

{dimk{W + V'W) > dimfc(W^)+C7^dimfc(C/,)<'"'"^'/<'"^^ 

1=1 

Similarly, By Lemma 14.31 

diuikiW + WV') > dimfe(M^) + max dinife ([/,) 

l<i<r 

Let bi = dimfc (Ui) for 1 < i < r then we have bi + ■ ■ ■ + b^ = dim(W^). By Lemma [4.5[ there is a constant 
Co > 0, independent of W, such that 

max (dimfc(W^ + WV), dimfc(VF + V'W)) > dimfc(VK) + Cq (dimfc(W^))'''~'^/^''+^"'' 

for every subframe W of D. Thus by definition, Ld*(D) > d+l — e. Since this holds for every e > 0, we obtain 
the desired result. □ 

As an immediate corollary, we obtain the proof of Theorem 11.11 

Proof of Theorem \l.ll We may assume that A has finite GK dimension. 

Let D denote the quotient division algebra of A and let i^T be a subfield of D that contains k. If GKdim(7^) > 
GKdim(A) — 1 then we have 

Ld(A') = GKdim(A') > GKdim(A) - 1 > Ld*(L') - 1. 



By Theorem 14.61 we have that D must be finite-dimensional as a left A'- vector space and hence D embeds in 
a matrix ring over a field. But this gives that A satisfies a polynomial identity, a contradiction. The result 
follows. □ 
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5. Concluding remarks and questions 



We make a few remarks. Ideally, a transcendence degree should have the property that if Z? is a finitely 
generated division algebra and E is a. division subalgebra such that D is infinite-dimensional as a left £'- vector 
space, then the transcendence degree of E should be at most the transcendence degree of D minus 1. We ask 
if this property holds for the strong lower transcendence degree. This would have profound implications. In 
particular, it would show that if 

fc = Do C Di C 152 C . • • C D„ = D 

is a chain of finitely generated division subalgebras of D such that each Di is infinite-dimensional as a left 
I?i_i-vector space. Then n < Ld*{D). This is Zhang's conjecture [TH Conjecture 8.4]. The author [2] proved 
this in the case that D is the quotient division algebra of a domain of GK dimension strictly less than 3. This 
is related to Schofield's notion of stratiform length jlOj . 

Schofield has pathological constructions of division algebras D which are finite-dimensional over a division 
subalgebra on one side but are infinite-dimensional on the other [4] Section 5.9]. In the case that we are dealing 
with division algebras of finite transcendence degree, however, it is expected that these type of phenomena 
should not occur. Again, an inequality of this sort could be used that division algebras of finite transcendence 
degree are well-behaved in this sense. 
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